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1. Introduction 

Let k be an arbitrary field of characteristic zero and P n = k[xi, X 2 ,..., x n \ be the 
polynomial algebra over k in the variables X\,X 2 , ■ ■ ■ ,x n . Let W n be the Witt algebra 
of index n, i.e., Lie algebra of all derivations of the polynomial algebra P n . The set 
of elements udi , where u = xf * 1 ...xf? G P n is an arbitrary monomial, <9* = and 
1 < i < n, forms a linear basis for W n . Denote by J 2 ? n an algebra with the ground space 
W n and the product • defined by 

(1) adi ■ bdj = (i adi(b))dj , a, b e P n . 

It is easy to check ||2] that P£ n satisfies the left-symmetric identity 

(2) (. xy)z - x(yz) = ( yx)z - y(xz). 

This means that the associator ( x,y,z ) := (xy)z-x(yz) is symmetric with respect to two 
left arguments, i.e., 

(x,y,z) = (; y,x,z ). 

The variety of left-symmetric algebras is Lie-admissible, i.e., each left-symmetric algebra 
with the operation [x,y] := xy — yx is a Lie algebra. Obviously, the commutator 
algebra of 2z? n coincides with the Witt algebra W n of all derivations of P n . The algebra 
J£n is called the left-symmetric Witt algebra of index n. 
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khstan, e-mail: kozybayev@gmail.com 
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The left-symmetric Witt algebra Jzf n of all derivations of the polynomial algebra P n plays 
an important role in the study of locally nilpotent derivations of P n and the Jacobian 
Conjecture ra- The set of all left nilpotent elements of Jz? n coincides with the set of 
all locally nilpotent derivations of the polynomial algebra P n and right multiplication 
operator Rp, where D G J 2 ? n , is nilpotent if and only if the Jacobian matrix of D (see, 
definition in [[12]) is nilpotent. These facts already lead to necessity of purely algebraic 
study of Jzf n . First of all, it is important to get algebraic descriptions of left and right 
nilpotent elements of 2z? n . 

Identities of S£ n are especially important in order to treat the mentioned above problems 
of affine algebraic geometry [12]- Notice that JZj is a Novikov algebra, i.e., it also satisfies 
the identity 

(3) (xy)z = ( xz)y. 

Moreover, the identities ([2]) and (J3]) form a basis of identities for 2z?i in characteristic zero 
[8]. Recall that the question on a basis of identities for W\ is a well-known open problem 
[TO] . A basis for Z-graded identities of the Lie algebra W\ was recently given in [6j. 

The right multiplication algebra of 2z? n , i.e., the associative algebra generated by all 
right multiplication operators R xi x G is isomorphic to the matrix algebra M n (P n ) 
[T2, Lemma 4], This result allows to make some parallel between the matrix algebras 
M n (k ) in the case of associative algebras and the left-symmetric Witt algebras 2*? n in the 
case of left-symmetric algebras. In Section 2, we describe all right operator identities of 
the left-symmetric Witt algebra as well as its subalgebras of triangular derivations 
T(J^ n ) and strongly triangular derivations ST(J£ n ). Recall that minimal right operator 
identities of S£ n are considered in [3j. 

These results give that 

Var(Jdi) ^ Var(«5f 2 ) ^ ^ Var(2zf n ) ^ ..., 

where Var(«5f„) is the variety of algebras generated by 2z? n . 

In Section 4, we prove that the set of all left-symmetric Witt algebras 2?f n , where n > 1, 
generates the variety of all left symmetric algebras. This means that every polynomial 
identity satisfied by all algebras 2*f n is a consequence of ([2]). In fact, we prove more 
stronger result (Theorem [1]), which says that the algebra of derivations ST(«if n ) does not 
satisfy any nontrivial left-symmetric identity of degree < n. 

LInfortunately, left operator identities of 2?f n are more important in applications and 
more difficult to describe. It is known that every Lie identity for W n is equivalent to a 
left operator identity for 2?f n [121 Lemma 7]. Identities of the Lie algebra W n are studied 
in in. In fact, Razmyslov’s methods of proving identities for W n applied directly to P£ n 
give more wider class of identities for J 2 ? n . These identities are described in Section 5. 

In Section 3, we give some auxiliary results on a basis of free left-symmetric algebras 
and some of them can be found in mm- 

2. Algebras of triangular derivations 
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Every element D of the left-symmetric Witt algebra J£ n can be represented uniquely 
in the form 

Dp = /i<9i + f 2 d 2 + • • • + f,id n , 

where F — (/ 1; / 2 ,..., f n )' is an n-tuple (column) of elements of the polynomial algebra 
P n = k[x i, x 2 ,..., x n ]. Let J(F) = (<9j (./))) i<©<n be the Jacobian matrix of F considered 
as a polynomial mapping of the space k n . The Jacobian matrix J(F) is also called the 
Jacobian matrix of the derivation D F . Thereby, every derivation D G J£ n has the Jacobian 
matrix J(D ) = J(Dp ) = J(F). 

Consider the grading 

P n = A 0 ® A x ® A 2 © ... ® A s ® ... 

of the polynomial algebra P n , where A t is the space of homogeneous elements of degree 
i > 0. The left-symmetric algebra S£ n has a natural grading 

(4) J£ n = L_i © Lq © L\ © ... © L s © ..., 

where L* is the space generated by all elements of the form adj with a G Ai + \ and 
1 < j < n. Elements of L s are called homogeneous derivations of P n of degree s. 

We have = kd\ + ... + kd n and L 0 is a subalgebra of Jzf n isomorphic to the matrix 
algebra M n (k). Notice that L_i ■ L n C L n _i for all n > 0. If 0 7 - f £ L n and n > 0, then, 
obviously, there exists d s G L_i such that d s ■ f 7 ^ 0. Following [10], this property will be 
referred as the left transitivity of the grading (0} . 

The element 

D x = xidi + x 2 d 2 + . •. + x n d n 

is the identity element of the matrix algebra L 0 and is the right identity element of Jf n . 
The left-symmetric algebra J£ n has no identity element. 

Let A be an arbitrary left-symmetric algebra. Denote by Hom^Tl, A) the associative 
algebra of all fc-linear transformations of the vector space A. For any x G A denote 

by L x : A —» A(a hg xa) and R x : A —>■ A(a 1 —> ax) the operators of left and right 

multiplication by x, respectively. It follows from (J2J) that 

-b[x,y] [k'xi -kyf Rxy RyRx T f^xi kJy\- 

Denote by M(A) the subalgebra of Hom fc (Jl, A) (with an identity) generated by all R x , L x , 
where x G A. The algebra M(A) is called the multiplication algebra of A. The subalgebra 
R(A) of M(A) (with identity) generated by all R x , where x G A, is called the right 
multiplication algebra of A. Similarly, the subalgebra L(A) of M(A) (with identity) 
generated by all L x , where x G A, is called the left multiplication algebra of A. 

For shortness of terminology, we say that / = f(zi ,..., z m ) is an associative polyno¬ 
mial if / is an element of the free associative algebra Ass(zi,..., z m ) freely generated 
by z h ..., z rn . If / = f{zi ,..., z m ) G Ass ( 21 , ...,z m ), then denote by f* the image of 

/ under the standard involution * of Ass(©,..., z m ), i.e., z* = z, L for all i. We also 

say that / = f(zi ,..., z m ) is a left-symmetric polynomial if / is an element of the free 
left-symmetric algebra LS(zi ,..., z m ). 

An identity g — 0 of a left-symmetric algebra A is called a right operator identity if 
g = f(R x 1,..., R Xrn )x for some associative polynomial / = f(zi, ..., z m ). This means 
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f(R ai , • • •, Raj = 0 in R(A) for all Gq,..., a m G A Notice that / = 0 is not an identity 
for R(A) (in general). Left operator identities can be defined similarly. 

The right multiplication algebra R(Jzf n ) of the left-symmetric Witt algebra 5£ n is iso¬ 
morphic to the matrix algebra M n (P n ) [12]. This isomorphism 

9 : R(J? n ) —► MjP n ) 

is uniquely defined by 6(R D ) = J(D ) for all D G T£ n . 

So the algebra R(J£ n ) satisfies all identities of the matrix algebra M n (k). Obviously, 
every identity of R(J£ n ) determines an identity (in fact, a set of identities) for Jz? n . The 
isomorphism 6 allows to carry out the study of Jz? n parallel to the study of M n [k). In this 
section we describe all right operator identities of S£ n and its two important subalgebras. 
The next proposition gives a complete description of all right operator identities of T£ n . 

Proposition 1. Let f = f(z \,..., z m ) be an associative polynomial. Then f(z \,..., z m ) = 
0 is an identity for M n (k ) if and only if f(R yi ,..., R y Jy = 0 is a right operator identity 
for S? n . 

Proof. Recall that L 0 ~ M n (k ) is an associative algebra. We have 

19s * (pCtffr * (f^s * tff ‘) * ^cjj 

for all .s,t,r,i,j. This means that L_ 1 is a right L 0 -module. 

Transformation of matrices is an involution of M n {k). Consequently, / = 0 is an identity 
for M n (k ) if and only if /* = 0 is an identity for M n {k). Therefore, if / = 0 is not an 
identity for M n (k), then there exist oq,... ,a m G L 0 such that 0 ^ /*(«i,..., a m ) G L 0 . By 
the left transitivity of the grading (J3}, there exists d G L_i such that d(f*(a \,..., a m )) ^ 
0. Since L_i is a right L 0 - m odule, we get 

d(f*(a \,..., a m )) — f(R ai ,..., R am )d ^ 0. 

If / = 0 is an identity for M n (k), then / = 0 is an identity for R(Jf n ) since i?(Jz? n ) — 
M n (Pn)- Consequently, f(R ai ,...,R arn ) = 0 for all ai,...,a m G J^ n . This means 
f(Rai, ■ ■ ■, Raja = 0 for all a G T£ n . □ 

According to the Amitsur-Levitzki theorem [T], M n (k ) satisfies the standard identity 

S2n(Vl, V2, ■ ■ ■ , V2n) = ^ S S n (Jy<T{l)ya(2) ■ ■ ■ y*(2n) = 0 
0"£S2n 

of degree 2 n, where S 2n is the symmetric group on degree 2 n and sgn(a) is the sign of the 
permutation cr. Moreover, S 2 n is an identity of M n (k) of the minimal degree |I]. 

Corollary 1. |4] The left-symmetric Witt algebra 2 z? n satisfies the identity 

S2n(Ryi ■ Ryii • • • j Ry2n )l/ 2 n+l 0 

of degree 2 n + 1 and this is a right operator identity of T£ n of the minimal degree. 

If n = 1, this corollary gives the Novikov identity (j3J). 

Let T(22?n) be the subspace of 2 z? n generated by all derivations of the form 

T s i T S *+l rp s n 

^i 1 * * * 

where Sj, Sj+i,..., s n G Z + , Z + is the set of all nonnegative integers, and 1 < i < n. 
It is easy to check that T(J<? n ) is a subalgebra of Jf n . We call T(Jf n ) the algebra of all 
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triangular derivations of P n . In fact, T(j 2 ? n ) is the set of all derivations D such that J(D) 
is an upper triangular matrix, i.e., 0(Rd) = J(D ) G T n (P n ). Recall |9j that the identity 

[xi,yi][x 2 ,y2] • ■ ■ [x n ,y n ] = 0 

is a basis for all identities of the algebra T n {k ) of all triangular matrices. 

Corollary 2. Let f = f(zi ,..., z m ) be an arbitrary element of the free associative algebra 
Ass(zi,..., z m ) and let C be the commutator ideal of Ass (zi ,..., z m ). Then the following 
conditions are equivalent. 

(i) f(zi ,..., z m ) = 0 is an identity for T n (k); 

(n) f e C n ; 

(in) f(R yi ,.. •, Ry m )y = 0 is an identity for T(j 2 ? n ). 

Proof. Notice that (i) and (ii) are equivalent [9]. This gives that / = 0 is an identity 
for T n {k ) if and only if f* = 0 is an identity for T n (k). Notice that L_ 1 C T(J£ n ) and 
T n (k) = L 0 fi T(J/f n ) C T(j 2 ? n ). Using these facts, we can repeat the proof of Proposition 
[T| for this case without any changes. □ 

Denote by ST(J£ n ) the subspace of T£ n generated by all derivations of the form 

^ r Si + 1 'T ,Sri r)- 

i 

where Sj+i,..., s n G Z + and 1 < i < n. Then ST(Sf n ) is a subalgebra of T(j 2 ? n ). We 
call ST(J^ n ) the algebra of all strongly triangular derivations of P n . Notice that ST(Jf n ) 
is the set of all derivations D such that J(D) is an upper strongly triangular matrix, 
i.e., J(D) G ST n (P n ). The algebra ST n (k ) of all strongly triangular matrices satisfies the 
identity 

ym ...y n = o. 

It is easy to check that ST n (k ) does not satisfy any nontrivial associative identity of degree 
less than n. 

Repeating the proofs of Proposition |T] and Corollary [2l we get the next corollary. 

Corollary 3. Every right operator identity of the algebra ST(J£ > n ) of all strongly triangular 
derivations is a corollary of the identity 

(5) R yi Ry 2 ... Ry n z = 0. 

So ST(J£ n ) is right nilpotent. It is not difficult to show that ST(J0 > n ) is locally nilpotent 
but not nilpotent. In fact, the identity of right nilpotency does not give too much in the 
case of left-symmetric algebras. An example of a two-dimensional right nilpotent but not 
nilpotent Novikov algebra is given in [13]. More strange examples of Novikov algebras in 
small dimensions can be found in [3]. The picture might be totally different for subalgebras 
of Af r( . 

Problem 1. Let J*f be a subalgebra of T£ n satisfying the identity R™z = 0. Is Jz? locally 
nilpotent? 

Identities of the form L™z = 0 have stronger corollaries [5J in the case of left-symmetric 
algebras and related to the study of Engel Lie algebras [H] . 
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3. Reduced words 


Let Y = {y 1 , y 2 ,..., y n } be an alphabet of n symbols. Denote by Y* the monoid 
of all nonassociative words on Y [15j. If u G Y*, then denote by d(u) the length of 
u. Every nonassociative word u of length > 2 can be uniquely written as u = U 1 U 2 , 
where d(ui),d(u 2 ) < d(u). If u G Y* and d(u) > 2, then we consider only nontrivial 
decompositions of u, i.e., if u — u\u 2 , then d(ui),d(u 2 ) > 1. 

For any u G Y* denote by [tt] the associative word obtained from u by skipping all 
parentheses. 

Put yi < y 2 < ■ ■ ■ < y n - Let u and v be arbitrary elements of Y*. We say that u < v if 
d{u) < d(y). If d{u) = d[y) > 2, u = U\U 2 , and v = ViV 2 , then u < v if either U\ < V\ or 
U\ —V\ and u 2 < v 2 . 

Put n = {1,2,..., ?7.}. Every mapping a : n —> n will be identihed with the endomor¬ 
phism a : Y* —> Y* of the monoid Y* defined by cr(?/j) = y a (i)- 

Lemma 1. Let u,v G Y* be arbitrary two words such that u > v, [u] = y^y^ ... yi m , 
[n] = y n y n ... y Jr , and let a : n —» n be a mapping such that cr(ii) > ... > cr(i m ) > 
a(j 1 ) > ... > cr(J r ). Then a(u) > cr(v). 

Proof. Assume that the statement of the proposition is not true and let u, v G Y* be 
a counterexample with the minimal d(u) + d(v). If d(u) > d(v), then cr(u) > <j(v) since 
d(o(u)) > d(a(v)). Consequently, we may assume that d(u) = d(v). If d(u) = d(v) = 1 
then u = yi 17 v = yj 1 . Therefore, a(u) = y a (h), cr (i0 = an d a (. u ) > since 

cr{h) > a{ji). 

If d(u) = d(v) > 2, then u = UiU 2 and v = V\V 2 . If U\ > then U\,V\ satisfies all the 
conditions of the proposition and d(u\) + d(v 1 ) < d(u) + d(v). By the choice of u,v we 
get a(u\) > a(vi). Consequently, a(u) > c(v). If iq = Vi, then u 2 > v 2 . Similarly, we get 
cr(u 2 ) > a(v 2 ) and a(u) > cr(n). □ 

A word w G Y* is called reduced [TTj if it does not contain any subword of the form 
r(st) G Y*, where d(r), d(s), d(t) > 1 and r < s. Denote by V the set of all reduced words 
in the alphabet Y. 

Lemma 2. Let w G V, [w] = y^y^ .. .yi m , and let a : n n be a mapping such that 
cr(*i) > ... > cr(i m ). Then a(w) G V. 

Proof. If d(w) = 1, then there is nothing to prove. Suppose that d(w) > 2 and the 
statement of the proposition is true for all reduced words of length less than d(w). Let 
w = uv. Then a(u),a(v) G V by the induction proposition. If d(v) = 1, then , obviously, 
cr(w) = a(u)a(v) G V. If v = ViV 2 , then a(w) = a(u)(a(vi)a(v 2 )). We have u > V\ 
since w G V. By Lemma HJ we get a(u) > cr(rq). This implies that a(w) G V since 
cr(w), a(v) G V. □ 

Let A = LS(Y) be the free left-symmetric algebra with free set of generators Y. Every 
nonassociative word in the alphabet Y represents a certain element of A and for any 
u G Y* we denote by u the element of A defined by u. 
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According to m, the set of all reduced words forms a linear basis for A: every nonzero 
element g of A can be uniquely represented as 

( 6 ) g = aquq + a 2 w 2 + ... + a m w m , 

where uq E V, 0 7 ^ cq E k for all i, and uq < w 2 < ... < w m . 

Denote by g the lowest word uq of g. The element aquq is also called the lowest term 
of g. 

Lemma 3. Let w eY* be an arbitrary nonassociative word. Then w > w in the algebra 
A = LS(Y) and the equality holds if and only if vj E V. 

Proof. Assume that the statement of the lemma is true for all words of length less 
than t, where t > 2 . Assume also that w is the maximal word of length t for which the 
statement of the lemma is not true. If w E V, then w — w. Hence w = uv ^ V. If u or v 
is not reduced, then, by the assumptions above, w is a linear combination of words of the 
form u'v' such that u'v' > w. By the choice of w , the statement of the lemma is true for 
all u'v'. Consequently, w is a linear combination of reduced words w' such that w' > w. 

Suppose that both u and v are reduced. This means v = v±v 2 and u < tq since w is 
not reduced. By ([2D, we have 

w = u(viv 2 ) = vi(uv 2 ) + (uvi)v 2 - (viu)v 2 

in the algebra A. Notice that tq (uv 2 ), (ui q)u 2 , (i’iu)v 2 > w. By the choice of w, we again 
get that w is a linear combination of reduced words w' such that w' > w. □ 

Lemma 4. Every reduced word w E V can be uniquely represented in the form 

(7) w L Wl L W2 ... L Wrn Xi, 

where Wj E V for all j and uq > w 2 > ... > w m . 

Proof. If w = uv, then u and v are reduced words. Leading an induction on d{w), we 
may assume that v = L Vl L V2 ... L Vs Xi, where Vj E V and tq > v 2 > ... > v s . We have 
v = v\v' where v' = L V2 ... L Vg Xi. Note that u > v 1 since w = uv = v(viv') is reduced. 
Consequently, w = L U L V1 L V2 ... L Vs Xi and u >v 1 > v 2 > ... > v s . The uniqueness of this 
representation is obvious. □ 

4. Generalized triangular derivations 

Let A = (A 12 , Ai 3 , ..., Ai„, A 23 ,..., A n _ ln ) be a tuple of independent commutative vari¬ 
ables A ij, where 1 < i < j < n. Denote by A:[A] the polynomial algebra over k in the 
variables \ iy Every element of k[ A] can be written uniquely in the form 

\S _ \S12\S13 \sin \S23 \ s n-ln 

A — A 12 A 13 . . . A ln A 23 • • • A n „ ln , 

where s = (si 2 , S 13 ,..., Si n , s 23 ,..., s n _ in ) E Z r _ j_ and r = Denote by < the lexico¬ 

graphic order on Z r + . Put also A s < A* if s < t in Z r + . If 0 ^ f E k[ A] then denote by / 
the leading monomial of /. 

Denote by S the set of formal symbols 

rpf 1 ... yq 

X 1 ■ ■ ■ x n ) 
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where /i, / 2 ,..., f n £ fe[A], and consider S' as a semigroup with respect to the product 

rv-t ^ fyt f TL 9 1 ry* 9 nr> 9 1 «/"^ 9n> 

X 1 • • • x n X 1 • • • x n X 1 • • • x n 

Notice that S' just is a multiplicative version of the additive semigroup k[\] n . Put also 
deg Xi ( x i • • • x f n) = fi for all i. 

Consider the set of formal symbols udi, where u G S and 1 < % < n. Let Jz? be the free 
A;[A]-module generated by all ud % . We turn j£? into fc [A]-algebra by 

udi ° vdj = deg ^(i^uvxf^dj. 

Lemma 5 . is a left-symmetric k[X\-algebra. 

Proof. If u,v,w G S, then 

(udi, vdj, wd k ) = (udi ° vdj) o — w<9; o (vdj o 
= deg x ,(r;)(m;x“ 1 )S J - o tcSfc — deg Xj . (w)udi o (vwxj^dk 
= deg x .(u) deg x .(n;)(nnn;xr 1 xj 1 )a fe - deg Xj (w) deg ^(vwxj^uvwx^xj^dk 
= (deg x .(u) deg X; (w) - deg x .(w) deg ^(vwxj^uvwxf'xj^dk 
= — deg Xj (w) (deg Xi (w) + deg ^(xj^uvwx^xj 1 )^. 

Similarly, we get 

(vdj, udi, wd k ) = - deg x .(w)(deg x .(w) + deg x .(xf 1 ))(uvwxf 1 xj 1 )d k . 

If i — j, then these equalities give 

(udi, vdj, wd k ) = (vdj,udi,wd k ), 

i.e., the identity (J2j) holds for udi,vdj,wd k . If i ^ j, then deg^.fxj 1 ) = deg Tj (xf 1 ) = 0 
and 0 holds again. □ 

Denote by Jz? n the left-symmetric algebra of all derivations of k[xf l , x^ 1 , ■ ■ ■, xff 1 ]. The 
set of elements udi, where u = x s f ... xfp , s\,..., s n G Z, di — -Jj^, and 1 < i < n, forms a 

linear basis for Jf n . The product in Jzf n is defined by ([Tj) . The identity (j2J) can be checked 
as in the proof of Lemma O The subalgebras of triangular derivations T(Jz?„) and strong 
triangular derivations ST(J/f n ) of J/? n can be defined similarly. 

For any s = (si 2 , S 13 ,..., si„, S 23 , • • •, s n -in) G 27 we define a fc-linear mapping 

( 8 ) s :&—Gjg 

by 

's(f(X)x{ l{X) ... x{f^di) = f(s)x{ 1 ^... x{f^di 

for all G A;[A] and 1 < i < n. Obviously, s is defined correctly since J? is a 

free A; [A]-module and A: [A] is a free A;-module. 

Lemma 6 . s' is a homomorphism of k-algebras. 


Proof. We have 


f(X)x { 1<yX ^... x^^di o g(X)xf 1 ^ ... x^^dj 
= /(A)c/(A)^(A)x{ i(a)+9iW . .. .^/"W+snWoK 

in J5f. Obviously, we have 

/(s)x{A s ^... x{f^di ■ g^xf^ ... x^^dj 
— f(s)g(s)g i (s)x{ 1 ^ +91< '^ ... x { i< ' s ' >+9i( ' s ' , ~ 1 ... 2;A(s)+9n(s )dj 

in Jzf n . This means that s' is a homomorphism of fc-algebras. □ 

Put 


Ml = 

Consider the elements 


™ A 12 

x 2 


. x: 


Ain 


u 2 = is 23 .. .x 


A2n 


i M r 


1. 


Zi = Midi, z 2 = u 2 d 2 , ...,z n = u n d n , 

of Jz? and denote by Jzf(A) the fc-subalgebra of Jz? generated by z 1 , z 2 , • • •, z n - 

For any s = (S 12 , S 13 ,..., Si n , S 23 ,..., s n _i n ) G Z+, consider the homomorphism s' de¬ 
fined by () 8 |) . Denote the restriction of s' into Jt?( A) by the same symbol s'. Notice that 
s(Jz?(A)) C ST(J/? n ) since s(zj) G ST(JY n ). Finally, we have a homomorphism 

(9) s:^(A) -^5T(JSf n ). 

As in Section 3, let A = LS(Y) be the free left-symmetric algebra generated by Y = 
{Vi, 1 / 2 , • • -,y n }- Denote by 

X : A —■» JSf(A) 

the homomorphism of fc-algebras such that x{Vi) = z i f° r *■ 


Lemma 7. Let vj E Y*. Then there exist unique polynomials 
a number r(tc)(l < r(w) < n) such that 


X(w) = rxi 1 . ..x{pd r(w) . 


e fc[A] and 


Proof. If w — y t then x( w ) — Hence f w = 1, /[" = ... = f™ = 0, = 

Aii+i, ■■■,/“ — A in , and r(tc) = i. \i w = uv, then 


X(w) = x(w) 0 X{w) = f u x 


f¥ 


_ fU rv rv J 
— J J Jr(u) X 1 


fr+p 


%ri" &r(u) 

£U 1 rv 
•> r(u)'J r 

^r(u ) 


o /"xf 1 ... x(pd r 


(u) 


-1 


f V +f V „ 

r£J n ' J n 0 


(«) 

0) 


rv rv 

by the definition of the product o since deg x (x{ 3 ... x J n ) = ■ □ 

We use this lemma also as the definition of f w , /"’, and r(w). The proof of this lemma 
also implies the next corollaries. 


Corollary 4. Let w G Y* and w = uv. Then f w = f u f v fr( u ), ff — fi + fi tf i 7^ r(w), 

fr(u) = fr{u) + fr\u) ~ ^ aTld V ( W ) = X {v). 

Corollary 5. Let w G Y* and [w] — y n .. . t/ im . Then r(w ) = and 
X(w) = f w u h u i2 ... u im x^x^ ... xf^d^. 
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Proof. Formula r(w) = r(v) from Corollary [4] immediately gives r(w) = i m . 

If d(w) = 1 and w — , then x( w ) — z h — U u &h ■ Let w = uv, [w] = y n ... y and 

[u] = y n .. ,yj r . Leading an induction on d(w), we get 

X(w) = x{u) o x(v) = f u u h ... u^xr 1 ... xf^d^ o f v u h ... u jr xj* ... 

= f w u h ... u lrn u n ... u^xr 1 ... xr^x h l ... xllxlld. Jr 

since f w = f u f v fi m = f u f v deg x . (■ Uj 1 ... u ]r xj t 1 .. -xJ^J. This implies the statement of 
the corollary. □ 

By this corollary, r(w) is the index of the rightmost symbol of w. We use this fact as 
a denotation. 

Recall that a word w £ Y* is called multilinear if d yi (w) < 1 for all i, where d yi (w) is 
the length of w in y,. 

A word w eY* with [re] = y^y^ ... yi m is called an s-word if i 2 , ■ ■ ■, i m -i > im- We 
say w € Y* is special if every subword of w is an s-word. 

Notice that if w is a reduced word, [w] = y^y^ ■ ■ and i\ > i 2 > ■ ■ ■ > i m , then 
w is a special reduced word. Obviously, every special reduced word w has a unique 
representation in the form (JTJ) , where W\,W 2 , ■ ■ ■, w m are special reduced words. 

Lemma 8. Let v e Y* be a multilinear word. If v is not special, then x( v ) — 0 

Proof. Let u be a nonspecial subword of v of the minimal length. Then u is not an 
s-word. Let [u] = y n ... y tm and let ij be the smallest number between ii,i 2 ,... ,i m . 
Notice that all numbers i\,% 2 ,..., i rn are different since v is multilinear and j < m since 
u is not an s-word. Consequently, ij+i, ij+ 2 , ■ ■ ■ ,i m > ij- This means that x{yij + i) = 
Zi j+1 ,x(.yi j+2 ) = z i j+ 2 i ■ ■ ■,x(Vim ) = z im do not depend on x iy Consequently, x{l-h :i ) = -q 
annihilates the product xiVn) ■ ■ ■ xiVim) f° r an y placement of parentheses. □ 

Denote by W the set of all multilinear special reduced words in the alphabet Y. If 
w eW and [w] = y h ... y im , then put s(w) = im}- 

Lemma 9. Let w E W and w = uv. Then 



i€s(v) 


Proof. Recall that Ay = 0 if i > j. Consequently, only the indexes i E s(v) with 
i < r(v) contribute to the sum in the formulation of the lemma. 

Notice that v does not contain y r ^ since w is multilinear and y r (u) is the rightmost 
symbol of u. Consequently, we do not have z r ( u ) in x( v )- This means that the degrees in 
x r (u) of all elements participating in the product x( v ) w iH be summarized. Notice that 
the degree x r ( U ) in Zi is \i r {u) if i < r(u) and 0 otherwise. This gives the statement of the 
lemma. □ 


Lemma 10. Let w E W represented in the form |?p. Then 


f w = \r{ W 1 )\r{w2) ■ ■ ■ Kr(w m )f Wl f W2 ■ ■ ■ f Wm - 
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Proof. We have w = w\u, where u = L W2 ... L Wm yi. By Corollary S] f w = f Wl f u ff( Wl y 
By Lemma [9l we get 

fr(w i) = X jr(wi)- 

j£s(u) 

Notice that i is the least number of s(u) and s(w) since u and w are special. Consequently, 
fr{ wi ) = x ir(wi) and 

Leading an induction on d(w), we may assume that 

f U = X ir(u > 2 ) ■ ■ ■ X ir{wm)f W2 ■ ■ ■ f Wm . 

This completes the proof of the lemma. □. 

Corollary 6. In the conditions of LemmalTU the following statements are true: 

(i) f w is a product of d{w) — 1 elements X st ; 

(ii) The least first index of all divisors X st of f w is i; 

(Hi) The set of all second indexes of all divisors X st of f w is equal to s(w ) \ {f}; 

(iv) Let X l j 1 , A ij 2 , ..., Xij p be the set of all divisors X st of f w with the first index i. Then 
p — m and {ji,j 2 , ■ ■ ■ ,j P } = {r(w 1 ),r(w 2 ), .. .,r(w m )}. 

Proof. Every statement of the corollary is obvious or can be deduced from Lemma [TO] 
by an easy induction on d(w). □ 

Lemma 11. Every w E W is uniquely defined by f w . 

Proof. We determine w EW in the form (171) . By Corollary E[ii), r(w) = i is determined 
uniquely. By Corollary [6[iv), the number m and the set of elements {r(wi),r(w 2 ),..., r(w m )} 
are also determined uniquely. 

We introduce new orders >~ and h on s(w). If p, q e s(w), then put q >~ p if X pq divides 
f w . Put also q b p if q = q 0 >- q\ >- ... >- q t = p for some t > 1. By Corollary El( hi), for 
any q G s(w) \ {i} there exists a unique element p G s(w) such that q >- p. Lemma [TO] 
implies that q h r(wj) if and only if q G s(wf) \ {r(wj)}. This fact uniquely determines 
s(wj) for all j. Notice that f w -i is the product of all divisors X st of f w such that t b r{wf). 
Leading an induction on d(w), we may assume that Wj is uniquely determined by f w i. 
Then w is also determined uniquely since w\ > w 2 > ... > w m . □ 

Theorem 1. The left-symmetric algebra of all strongly triangular derivations ST(J£ n ) 
does not satisfy any nontrivial left-symmetric identity of degree less than or equal to n. 

Proof. Recall [15] that every polynomial identity over a held of characteristic zero is 
equivalent to homogeneous multilinear polynomial identities. Since 5T(j5? n _i) C ST(J5f n ), 
it is sufficient to prove that every multilinear polynomial identity of ST( Jf n ) of degree n 
is a corollary of (J2J). Suppose that it is not true. Then there exists a nonzero multilinear 
element g = g(yi,y 2 , ■ ■ ■ ,y n ) °f the free left-symmetric algebra A = LS(Y) which is a 
polynomial identity for ST(J^ n ), i.e., 

g(ai,a 2 ,... ,a n ) = 0 
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for all ai, a 2 , ■ ■ ■, a n G 5£ n - We fix this element g and assume that g is written in the form 
© . Then g = Wi 

Let [g\ = [wi] = y h y i2 ... y in . We have {R, i 2 ,..., i„} = (1,2,..., n} since g is multi¬ 
linear of degree n. Consider the mapping a : n —> n defined <r(ij) = n — j + 1 for all j. 
Notice that cr(f 1 ) > a(i 2 ) > ... > cr(i n ). Denote by a the automorphism of the monoid 
Y* and the automorphism of the free algebra A dehned by er. We have 

a(g) = a l a(w l ) + a 2 a(w 2 ) + •.. + a m a(w m ). 

By Lemma U we get cr(wi) < <j{w 2 ) < ... < a(w m ). By Lemma [2j cr(w \) is a reduced 
word. Then Lemma [3] gives that a(g) = cr(wi). 

Obviously, cr^i) is special since [cr(wi)] = y n y n - 1 • • • Vi- 

Consequently, by changing g to cr(g), we may assume that g — w± G W. Let g = h + hi, 
where h is a linear combination of special reduced words and h\ is a linear combination 
of reduced nonspecial words. We have h ^ 0 since g G W. We also have x(hi) = 0 by 
Lemma EJ Assume that 

h = PiVi + /3 2 v 2 + ... + /3 s v s , 

where v t G W, 0 ^ ft G fc, s > 1, and 1 < i < s. Notice that r(vi) = 1 for all i since v t is 
special. By Corollary El we get x( v i) = f Viu i u 2 ■ ■ ■ u n (x 2 x 3 ... x n )~ l di for all i. Hence 

x(g) = x(h) = (/3i f Vl + /3 2 f V2 + ... + Mv s )u\u 2 ... u n (x 2 x 3 ... x n ) -1 <9i. 

Put f g = j3\f Vl + /3 2 f V2 + ... + j3 s f Vg . By Lemma El the elements f Vi are different for 
different values of i. Consequently, f g G k[ A] is nonzero. It is not difficult to show that 
there exists s G Z!j_ such that f g (s) ^ 0. Then the image of g under the homomorphism 

so X :A^ST(J? n ) 

is nonzero. Consequently, g is not an identity for ST(Af n ). □ 

Corollary 7. The identity (0|) is a left-symmetric polynomial identity of ST(A? n ) of the 
minimal degree. 

Corollary 8. The variety of algebras generated by all algebras of strongly triangular 
derivations ST(J£ n ), where n > 1, is the variety of all left-symmetric algebras. 

Corollary 9. The variety of algebras generated by all algebras of triangular derivations 
T(Jz? n ) ; where n > 1, is the variety of all left-symmetric algebras. 

Corollary 10. The variety of algebras generated by all left-symmetric Witt algebras ££ n , 
where n > 1, is the variety of all left-symmetric algebras. 

5. General identities 

A very interesting class of identities for W n was discovered by Yu.P. Razmyslov m 
Chapter 6]. Of course, every identity for W n is an identity for S£ n . Moreover, every 
identity for W n also gives a left operator identity for A£ n [121 Lemma 7]. But Razmyslov’s 
method, applied directly to Jzf n , gives more wider class of identities for Jz? n . We describe 
this class of identities. 
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Consider the grading (J4]) of Jz? n . Recall that 0 7 ^ a G Li is called homogeneous of degree 
i. Put |a| — % in this case. Choose a homogeneous basis 

ei, e 2 ,..., e s ,... 

for Jz? n such that |e*| < | e 3 | if i < j. Then ei,... ,e n is a basis for L_i and e n+1 ,..., e n 2 +n 
is a basis for L 0 , and so on. 

For any positive integer N put 

N 

e ( N ) = 

2=1 

Recall that a (nonassociative) polynomial / = f(yi, ..., i/n, z±,..., z t ) is called skew- 
symmetric with respect to yi,... ,y n if 

e(f) = • • •, Va(N), z l ,...,z t )= sgn(<r)/(j/i,..., y N , z h ..., z t ) 

for all cr G S'at, where Sn is the group of degree N. 

Proposition 2. Let N be an arbitrary positive integer and f = f(yi ,..., yN, Zi ,..., z t ) be 
an arbitrary multilinear left-symmetric polynomial skew-symmetric with respect to yi,... ,y n- 
If e(N) > t, then f = 0 is an identity for ££ n . 

Proof. The identity (j2J) gives 

d ■ (u ■ v) — (d ■ u) ■ v + u ■ (d ■ v) 

for all d G L_i and u,v G L£ n since ££ n ■ L_ 1 = 0. This means that Lq is a derivation of 

Let g — g(z\,..., z{) be an arbitrary multilinear left-symmetric polynomial. If g = 0 is 
not an identity for Jz? n , then there exist homogeneous elements Vi,... ,Vi G 5£ n such that 
0 7 ^ g{v 1 ,..., Vi) G L_ 1 . In fact, let v x ,..., ig G L£ n be homogeneous elements such that 
0 7 ^ g{v 1 ,... ,vi) G Li and i > 0. By the left transitivity of the grading (jl]), there exists 
d G L_ 1 such that Lgg(v 1 ,..., v{) 7 ^ 0. We have 

1 

Lgg(v 1 , ...,vi) = ^g{v 1 ,.. .,LgVi ,.. .,vi). 

2=1 

since Lq is a derivation. Then there exists i such that 0 7 ^ g(v 1 ,..., LgUi ,..., v{) G L,_ 1 . 

Suppose that / = 0 is not an identity for L£ n . Then there exist basis elements 
e h ,..., e iN , e n ,..., e jt G Jzf n such that 0 7 ^ f(e h ,..., e ijv , e il; ..., e jt ) G L_ 1 . If two of 
the elements e^,..., e lN are equal to each other, then f(e il ,, e iN , e^,..., Cj t ) = 0 since 
/ is skew-symmetric with respect to yi ,..., yN- If all e^,..., ei N are different, then 

\&n I + • • • + |e«jvl — l e il + • • • + |ejv| = e(iV). 

This implies that /(e^,..., e^, e 3l ,..., e Jt ) G L s and s > e(iV) — t > 0. □ 

Let’s describe the identities of the minimal degree given by Proposition [2] Notice that 
\ef\ + ... + \e n \ = — n and |e n+ i| + ... + \e n 2 +n \ = 0. The minimal N for which e(N) is 

13 


nonnegative is n 2 + 2 n and e(n 2 + 2 n) = 0. Put N = n 2 + n. Let w be an arbitrary 
reduced word such that [vj] — y\... y^- Then 

S n= sgn^M^ci), • • •, V*(N)) = 0 

t tGSjv 

is an identity for Jz? n . 
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